The localized spin wave states in ferrimagnets with a single substituted impurity spin are investigated within the linear spin wave theory. The cases both of a ferromagnetically coupled impurity spin and of an antiferromagnetically coupled one are discussed. Numerical analysis is performed for the one-dimensional lattice, in which there exist two types of localized modes, s and p modes. We calculate the energies and spin deviation amplitudes of the localized spin wave modes. The criteria for the appearance of the localized modes are also examined. In particular we are interested in the localized mode in the energy gap between the acoustic and optical spin wave bands. There exist hole modes in the gap under a certain condition. It is found that the localized mode in the gap behaves differently from the modes in the other energy regions.
The localized spin wave states in ferrimagnets with a single substituted impurity spin are investigated within the linear spin wave theory. The cases both of a ferromagnetically coupled impurity spin and of an antiferromagnetically coupled one are discussed. Numerical analysis is performed for the one-dimensional lattice, in which there exist two types of localized modes, s and p modes. We calculate the energies and spin deviation amplitudes of the localized spin wave modes. The criteria for the appearance of the localized modes are also examined. In particular we are interested in the localized mode in the energy gap between the acoustic and optical spin wave bands. There exist hole modes in the gap under a certain condition. It is found that the localized mode in the gap behaves differently from the modes in the other energy regions. § I. Introduction Since W olf:ram and Callaway 1 l and Takeno 2 l discussed localized spin wave states for a Heisenberg ferromagnet with a single impurity spin, a number of inv~stigations have been made. They have examined the energies of the localized modes in a ferromagnet containing a ferromagnetically coupleQ. impurity spin by use of the Green function formalism. The problem for an antiferromagnetically coupled impurity spin in a ferromagnet has been discussed by Ishii, Kanamori and Nakamura 8 l and Parkinson. 4 l Later this has also been studied by Wang and Callen. 6 l In the impurity problem of a Heisenberg antifertomagnet, Tonegawa and Kanamori, 6 l Tonegawa 7 l and Lovesey 8 l have investigated both the cases of an antiferromagnetic and a ferromagnetic impurity. spin, and have calculated the criteria for the existence and the energies of the localized modes.
Recently, White and Hogan 9 l and Tonegawa~0l and Frikkee 11 l have discussed the interference effect between two impurity spins in a ferromagnet. The corresponding problem in an antiferromagnet has been studied by Miyazima and Okiji. 12 l Furthermore, the temperature dependence of the energies of spin wave impurity modes and the thermodynamic quantities of an impure system are calculated by several authors. 18 l• 14 l However, the impurity problem for a ferrimagnet which has the complex magnetic structure has not been discussed in detail. The purpose of the present paper is to investigate the localized spin wave states in the ferrimagnet with a single substituted impurity spin. Our discussion is based on a two-sublattice model of ferrimagnet which is characterized by different spins on the up-and down-sublattices. In a pure ferrimagnet/ 5 l the spin wave spectrum consists of two bands separated by an energy gap, which are analogous to the acoustic and optical bands in the vibrational spectrum of diatomic crystals. In particular we are interested in the localized mode in the energy gap. We assume that the Hamiltonian of the present system consists of an intersublattice exchange interaction and a uniaxial anisotropy energy. The cases both of a ferromagnetically coupled spin and of an antiferromagnetical ly coupled one are discussed. The linear spin wave approximation is introduced by reducing the Hamiltonian to quadratic terms in the Holstein-Primakoff 16 l boson operators. By use of a method similar to that of Tonegawa, 7 l we can diagonalize the Hamiltonian straightforwardly. Although we have formulated the problem for arbitrary dimensions, the numerical calculation is performed for the one-dimensional lattice, in which there exist two types of localized modes, s and p modes. We calculate the energies and spin wave amplitudes of localized modes. The criteria for the appearance of the localized modes are also examined. In both the antiferromagnetic and ferromagnetic impurity cases, we see that the behavior of the localized mode in the ferrimagnet is, except that in the gap, essentially the same as that in an antiferromagnet with an impurity spin. However, the behavior of the localized mode in the gap in the ferrimagnet is different from that in the antiferromagnet. We find that there exist hole modes in the gap when the larger host spin is substituted for the impurity spin. It is found that the localized modes .. in the gap behave differently from the localized modes in the other energy regions. Furthermore we find that the behavior of the localized mode depends substantially on the sublattice in which the impurity spin is located. A similar calculation for the complex ferromagnetic and ferrimagnetic systems has been made by Izyumov and Medvedev. 17 l They have qualitatively discussed the impurity spin wave modes m these systems.
The general formulation for the spin wave impurity state in the ferrimagnet is developed in § 2. In § 3, we apply the results obtained in § 2 to the onedimensional lattice and obtain. the determinantal equations which determine the energies of the localized s and p modes. We calculate numerically the energies and spin wave amplitudes of these modes in § 4. The last section is devoted to discussion. § 2. General formulation
We consider a two-sublattice ferrimagnet with a single substituted impurity spin. The Hamiltonian of this system is given by where S 1 and S 1 are the spin operators on the sites of the up-and down-sublattices respectively, and S 0 is the impurity spin at the origin on the up-sublattice. The sums over j and l run over the sites of the up-and down-sublattices respectively. The nearest neighbor site of j, j + p, are on the down sublattice. Hereafter we assume that the magnitudes of S1o S1 and S0 are SA, SB and SA', respectively. D A (>O) and DB (>O) are the anisotropy constants for spins of each sublattice, and D A' (>O) is that of the impurity spin. J is the antiferromagnetic exchange integral between nearest neighboring host spins (J>O), and J' is the exchange integral between the impurity spin and its nearest neighboring host spins. We treat both the antiferromagnetic impurity case (J'>O) and the ferromagnetic impurity case (J'<O).
Antiferromagnetic impurity case (J'>O)
Following Holstein and Primakof£, 16 
where z is the number of nearest neighboring spins. The Hamiltonian (2 · 2) can be diagonalized by use of a method similar to that developed in the case of an antiferromagnet. Following Tonegawa/> we introduce a new operator defined by (2·3) where ;., denotes the mode. We consider the equation of motion of c",
A set of equations for the eigenvalues E" and the coefficients T/ and T 1" is obtained from the above equation (2 · 4) as follows:
{ -E" +2(JSBz+DASA)}T/-2JJSASB I:; rj+P=O, 
Hereafter we omit the index A. for the sake of simplicity. We express T 1 and Tz in terms of the crystal Green functions,
Here the Green functions are defined as follows:
and (2·7d) where
N is the number of spins in the sublattice. R 1 and R 1 are the lattice vectors to the j-th and l-th lattice sites respectively, and k is the wave vector. Ek± is the spin wave spectrum in a pure ferrimagnet. The subscript ± refers to the two branches.
The two equations (2 ·Sa) and (2 · 5c) are automatically satisfied with T 1 and Tz. Substituting 
Localized Spin Wave States in Ferrimagnets
Equations (2 ·lOa) and (2 ·lOb) are the basic equations which determine the nature of the spin wave impurity states in the ferrimagnet with an antiferromagnetic impurity spin. In deriving Eqs. (2 ·lOa, b) we have used the fact that, in the cubic lattices, G (p, 0; E), G (0, p; E) and .L;P,G (p, p'; E) are independent of the direction of the nearest neighboring vector p. Before solving these equations, we will consider the case of a ferromagnetic impurity.
Ferromagnetic impurity case (J'<O)
In this case an impurity spin points m the same direction of its nearest neighboring host spins on the down sublattice. We can get the quadratic Hamiltonian as follows:
Now we introduce the following operator defined by c>.=To>-ao* + .I; T/a1+ .I; T/bz*.
By using a method similar to that in the antiferromagnetic impurity case, we can obtain the z + 1 secular equations in the ferromagnetic impurity case. The 
It should be noted that Eq. (2 ·13b) is essentially the same as Eq. (2 ·lOb). § 3. Localized spin wave states in a one-dimensional ferrimagnet with an impurity spin
In this section we apply the results obtained in the preceding section to a one-dimensional ferrimagnet with an antiferromagnetic and a ferromagnetic impurity spin. In this system, there exist two types of localized spin wave modes, s and p modes, which correspond respectively to symmetric and antisymmetric states with respect to the impurity site. We derive in both cases the equations from which the energies and spin wave amplitudes of the localized modes are calculated.
In the first place we consider the antiferromagnetic impurity case. In the one-dimensional lattice, Eqs. The unitary matrix U, which reduces the matrix WG to a block-diagonal matrix, is expressed as
The first two columns in the above matrix are associated with the s state and the third column with the p state. By using a unitary transformation, we can rewrite Eq. (3 ·1) in the form of the product of two determinants, 
,)-(a-/7JlF--/{J)g(O ,O; c,)
~---- respond to the cases of s0 and s1 modes, respectiuely. Next we discuss the spin wave amplitude of the p mode which is antisymmetic with respect to the impurity site. The amplitudes of spin deviation satisfy the following relations:
T/ and T 1P are expressed from Eqs. (2 · 6a, b) as the forms
where Cp is the energy of p mode and vp = v1 = -v-1· The value of Vp/R is calculated from the normalization condition which is given by
In the second place we consider the ferromagnetic impurity case. By using the method similar to that for the antiferromagnetic impurity case, we can get determinantal equations which determine the energies of the localized s-and P- The s-type mode in the ferromagnetic impurity case may be an amalgam of the s0 and s1 modes in the antiferromagnetic impurity case. § 4 
. Numerical calculations
In this section we discuss the criteria for the existence of localized spin wave modes and calculate numerically the energies and spin wave amplitudes of localized modes. Since we are interested in the localized modes in the gap associated with different spins on each sublattice, we neglect the anisotropy energy terms, i.e., DA =DB= DA' = 0 for the sake of simplicity. The localized modes in the gap produced by anisotropy field have been investigated in detail in antiferromagnets. 7 > We discuss both the cases 19<1 and 19> 1. Thus, the energy gap in the spin wave spectrum in this case exists on the negative frequency side. We discuss the criteria for the appearance of localized modes, which are obtained as conditions for the existence of solutions of Eqs. (3 · 8) , and (3 ·19).
First we consider the localized modes in the antiferromagneti c impurity case. In the energy region above the acoustic band (2{31 (1 + {3) <s), only s 0 mode appears if a> 1. In the gap region (2 ({3 -1) I (1 + {3) <s<O) , there may exist both the localized s1 and p modes. The criterion for the existence of the s1 mode in the gap is ({3 -1) (a{3'-a{3 + {3 -1 ) >O and that for the p mode a{3' + {3 -1<0. Furthermore the s1 and p modes may appear below the optical band (s< -21(1+{3)). The condition for the s1 mode is a{3-a{3'+1<0 and that for the p mode a{3' -1>0. The p mode appears only on the negative frequency side, since the neighboring spins of the impurity are located in the down sublattice. In Fig. 1 we give as functions of a the energies of the localized s0, s1 and p modes in the case {3 = 0.5 for three values of {3'. We can find that, if a becomes zero, the s1 and p modes in the gap have the same energy c = ({3 -1) I
(1 + {3) irrespective of {3'. The mode appearing in the case a= 0 is found to be a hole mode, since the spin wave amplitude of the mode vanishes at the impurity site. 18 l This type of mode in the gap also exists in a two-sublattice ferromagnet_l9l The spin wave amplitudes of the s0, s1 and p modes are shown in Figs. 2(a) and 2(b) .
Next we discuss the localized mode in the ferromagnetic impurity case. From Eq. (3 ·19) we can see that the localized s-type mode does not exist in the energy region above the acoustic band. This seems to be reasonable. Since the impurity spin points in the negative direction, the impurity spin and its neighboring spin precess in the natural sense and the s-type mode has a negative frequency. In the gap region, there may exist one or two localized s-type modes depending on whether ({3 -1) (a{3 + a{3' + {3 -1) is positive or negative. One s-type mode also appears below the optical band under the condition 1-a{3-a{3' <O. The criterion for the appearance of the localized p mode is the same as that of antiferromagnetic impurity case. In Fig. 3 we show the energies of the localized s-and P-type modes in the case {3 = 0.5. We find that in the ferromagnetic impurity case there also exists a hole mode with e = ({3 -1) I (1 + {3.) in the gap as in the case of the antiferromagneti c impurity spin. The localized levels in the gap are complex and are similar to those of a two-sublattice ferromagnet. 19 l The spin wave amplitude of the localized s-type mode is shown in Fig. 4 . From the behavior of the spin wave amplitudes we can see that, when the impurity-host exchange integral is sufficiently weak (a~ 1), a low-lying s-type mode in the gap is well localized at the impurity site. The impurity spin in this mode precesses independently of its neighboring spins. and host spins. As seen m Fig. 6 , in the low-lying s0 mode in the gap, most of the spin wave amplitudes are associated with the impurity spin. Finally we discuss the ferromagnetic impurity case. We have no localized stype mode in the gap and above the optical band, since the impurity spin and its neighboring spins point in the negative z direction and the precessional frequency is negative. In the energy region below the acoustic band, there may exist s-and. P-type modes. The criteria for the appearance of the s-and P-type modes are the same as those for the ferromagnetic impurity case 11<1.
The energy spectrum of the s-and Ptype modes is essentially the same as that below the optical band in the ferromagnetic impurity case 11<1. In the preceding sections we have studied the localized spin wave states in the ferrimagnet containing a single impurity spin in the linear spin wave approximation. The cases both of antiferromagnetic and ferromagnetic coupling between the impurity spin and its nearest neighboring host spins have been investigated. The criterion for the appearance of localized modes has been discussed. When {3 = 1, the criterion in the ferrimagnet is reduced to that for an antiferromagnet except for that in the energy gap region. We have calculated the energies and spin wave amplitudes of localized modes. In both cases, the behavior of the localized modes except in the gap is essentially the same as that in an antiferromagnet. However, the feature of hole modes in the gap is characteristic in the ferrimagnet which has different spins on each sublattice, because this gap is different from that produced by the antisotropy energy in an antiferromagnet. In the case f3<1 we can see from the spin wave amplitudes in the antiferromagnetic and ferromagnetic impurity cases that the mode which appears in the gap is a hole mode, when a goes to zero. In the ferromagnetic impurity case the two localized s modes exist in the gap for a certain value of a. It is evident from the behavior of the spin wave amplitude of s-type mode in this case that it is an amalgam of the s0 and s1 modes in the antiferromagnetic impurity case. In the case f3>1 the localized s0 mode appears in the gap and the impurity spin in this mode precesses independently of its neighboring spins if a is nearly zero. It is possible to observe the localized s modes in the gap in both the antiferromagnetic and the ferromagnetic impurity cases owing to the magnetic resonance.
Furthermore we note that the localized spin wave states in the gap as well as the resonant states may make a significant contribution to the spin wave thermal conductivity and to the spin wave specific heat at low temperatures. It may be expected that resonant states in the ferrimagnet show some interesting features because of the complexity of the density of states. We are also interested in the magnetic-field effect on the energy of localized spin wave mode in the ferrimagnet.
